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Abstract:In this paper common fixed point theorems of two compatible self-mappings on a
complete G-Metric space is proved using rectangular inequality of G-Metric space.
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1. Introduction and preliminaries
Banach [3] proved a fixed-point theorem “Let (X, d) be a complete metric space. If T satisfies
d(Tx, Ty) <kd(x,y) for each x, y in X where 0 <k < 1, then T has a unique fixed point in X .”
Dhage [4] introduced D-metric spaces. Geometrically, a D-metric D(x, y, z) represents the
perimeter of the triangle with vertices x, y and z in Rx R . Mustafa and Sims [6] proved that
most of the results of Dhage’s D-metric spaces were not true. So, they introduced a new
generalized metric space and called it as G-metric spaces. Further G.Jungck defined
compatibility of pair of self mappings of a metric space.Some basic definitions and results in G-
metric spaces which are useful for proving the main result are as follows.
Mustafa and Sims defined G-metric spaces as a generalization of metric space.
Definition 1.1 [7] “Let G: X x X x X — R" be a function on a non-empty X satisfying

(G-1) G(x,y,2)=0ifx=y =2,

(G-2) 0<G(x,x,y)forall x,y € X withx #vy,

(G-3) G(x,x,¥)<G(x,y,z) forallx,y,z€ X withz#y,

(G-4) G(x,y,2)=G(x, z,¥y)=G(y, z, X) = ... (symmetry in all three variables),

(G-5) G(x,y,2)<G(x,a,a)+G(a,vy,z) forall x, y, z, a € X, (rectangle inequality).

The function G is called a generalized metric or more specifically, a G-metric on Xand the pair

(X, G) is called a G-metric space.”
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Definition 1.2 [7] “A sequence {Xn} of points in G-metric space X is said to be

G-convergent to x if lim G(X, Xn, Xm) = 0; i.e. for each > 0 there exists a positive integer N;
m,n—oo

such that G (X, Xn, Xm) <€ for all m, n > N3 . We say x is the limit of the sequence and writex,—

X orlim X,=x.”

n-—-oo

Theorem 1.3 [7] “The following are equivalent in a G-metric space:

(1) {Xn}is G-convergent to x;

(M) G (Xn Xn, X) > 0asn — oo;

(i) G (Xp, X, X) > 0asn— oo;

(iv) G (Xmy Xn,X) > 0asm,n — .”
Definition 1.4 [7]“Let (X, G) be a G-metric space. A sequence {x,} is called
G-Cauchy if, for each € > 0 there exists a positive integer N; such that

G (Xn, Xm, X)) <€ foralln,m, | >N;.”

Theorem 1.5 [7]* The following are equivalent in a G-metric space :

Q) the sequence {x,} is G-Cauchy,

(i) for each €> 0 there exists an N such that G (X,, Xm, X|) <€

foralln,m, 1 >N;.”

Theorem 1.6 [7]“The function G(X, vy, z) is jointly continuous in all three of its variables in a G-
metric space.”
Definition 1.7 [7]“A G-metric space (X, G) is called a symmetric G-metric space if G(x, Y, y) =
G(y, x, x) for all x, y in X.”
Theorem 1.8 [7]“Every G-metric space (X, G) defines a metric space (X, dg) by
ds(x, ) =G(X, Yy, y) + G(y, x, x) forall x, yin X.
If (X, G) is a symmetric G-metric space, then
ds(X,y) =2G(x,y,y) forall x,yin X.
However, if (X, G) is not symmetric, then it follows from the G-metric properties that
%, G(x,y, y) <do(x, y) <3G (x,y,y) forall x, y in X.”
Theorem 1.9 [7]“A G-metric space (X, G) is G-complete if and only if (X, dg) is a complete

metric space.”
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Theorem 1.10 [7]“Let (X, G) be a G-metric space. Then, for any x, y, z, a in X, it follows that:
Q) ifG(x,y,2)=0,thenx =y =7
(i) G(x,y,z) <G(x, x,y) + G(X, X, z);
@)  Gx,y,y) <2G(y, X, X);
(iv) G(x,Y,2) <G(x,a,z)+G(a,y,z),
(V) G(x, v, z) <°l3 (G(x, a, a) + G(y, a, a) + G(z, a, a)).”
Definition 1.11 [7]“Let f and g be single-valued self-mappings on a set X. If
w = fx = gx for some x € X, then x is called a coincidence point of f and g, and w is called a
point of coincidence of f and g.”
Definition 1.12 [5] “A pair (f, g) of self-mappings of a metric space (X, d) is said to be

compatible iflimd(fgx,, gfx,)= 0,whenever {x,} is a sequence in X such thatlimfx,= limgx,
n—oo n-—-oo n-—-oo

=zforsomez e X.”
2. Main Results
Theorem 2.1 Let f and g be compatible self-maps of a complete G-metric space
(X, G) satisfying
(i) f(X) ca(X);
(i)  G(ip, fq, fr) < a G(fp, gq, gr) + B G(gp, fq, gr)
+v G(gp, gq, fr) +5 G(gq, g4, fq)
forall p,g,r € Xand a, B, y, 6> Owith 0 < o+ 3B+ 3y +36< 1;
(iif) one of f or g is continuous.
Then f and g have a unique common fixed point in X.
Proof. Let ag be an arbitrary point in X. Since f(X) <g(X), one can choose a point a; in X such
that fao = gas, In general one can chooseay.isuch that
th =fan =gan1,n=0,1,2,....
From (ii), we have
G(fan, fans, fans) < o G(fan, gan+, gan+1) + B G(gan, fan+1, gans)
+v G(gan, gan+1, fans) + 8 G(gan+1, 9an+1, fatnsa)
= a G(fay, fan, fa,) + p G(fan.1, fansa, fan)
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+ v G(fan.a, fan, fansa) + 6 G(fay, fan, fan)
< a G(fan, fan, fan) + p G(fan.1, fana, fan)
+ v G(fan, fan, fansa) + 6 G(fan, fan, fan)
=B +vy+90)Gfay_1, fay, fay41). (2.1)
Using rectangular inequality of G-metric space, we have
G(fan, fan, fana) < G(fana, fan, fan) + G(fan, fan, fana)
< G(fany, fan, fay) + 2G(fan, fana, fan).  (2.2)
Using (2.1) in (2.2) we have
(1-2B — 2y — 28) G(fan, fan+, fans) <(B + vy + 8) G(fa, 1, fay, fay,)

. B+y+3d)
l.e. G(f(ln, fan+1, f(Xn+1) < m G(fan_l,fan,fan)

+y+3
= ¢ G(fa,_4, fa,, fa,),where g = —1—([23(Biv+)6)<

Repeatedly, we have
G(fan, fana, fan1) < q"G (fao, fay, fay).
Therefore, for all n, m € N, n <m, we have by rectangular inequality,
G(t n, tm, tm) < G(tn, ther, ther) + G(tnsr, theo, the2) + ... + G(tmo1, tm, tm)
<@ +q"+ ..+ 9™ G(to, t, t).
q"
1-0a)

Asn,m —oo, we have lim G(t,,t,, t,)=0.
m,n—oo

< G(to, ta, t1).

Thus {t,} is a G-Cauchy sequence in complete G-metric space X, therefore there exists a point s
€ X such that rllig}ot” = rllifc}ofa” = rllig}ogam =s.
Since the mapping f or g is continuous and let it be g.
Therefore Illl_I)rolo gfan = Illl_r)rolo ggan+1 = gS.
Further, f and g are compatible, therefore
Illi_r)EIOG (fgarn, ofan, gfan) =0 implies thatrlli_{?ofgan =gs.

Setting p = gan, g = anand r = ap, in (ii), we have
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G(fgan, fan, fan) < o G(fgan, gan, gan) + B G(ggan, fan, gan)
+ v G(ggan, gan, fan) + 6 G(gan, gan, fay).

Letting n — oo, we have gs =s.
Again from (ii), we have
G(fan, fs, fs) <a G(fan, gs, gs) + B G(gan, fs, gs)
+ v G(gan, gs, fs) + 6 G(gs, gs, fs).
Letting n — oo, we have fs =s.
Therefore, fs =gs =s i.e. s is a common fixed point of fand g.
Uniqueness: We assume that s; (# s) be another common fixed point of fand g .
Then G(s, s1,s1)> 0 and

G(s, s1, s1) = G(fs, fsq, fsq)
< a G(fs, gs1, gs1) + B G(gs, fs1, gs1)+ v G(gs, gsi, fs1)
+ 0 G(gs1, gsi, fs1)
= (ot B+ y) G(s, s1, 51) < G(s, 51, 51) , a contradiction,
which proves that s = s; and hence uniqueness.
Theorem 2.2 Let f and g be compatible self-maps of a complete G-metric space
(X, G) satisfying

(i) f(X) =9(X);

f f
Gi) Gfp, fq, fr) <k max{G( P, 84,81), G(ep. fa gr)’} |

G(gp, ga, fr), G(gq, gq, fq)
forallp,g,r e Xandk € [0,%);
(iii) one of f or g is continuous.
Then f and g have a unique common fixed point in X.
Proof. Let ag be an arbitrary point in X. Since f(X) <g(X), one can choose a point a; in X such
that fao = gay, In general one can choose an+; such that
th=fa,=gan1 n=0,1,2,....

From (ii), we have
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G(fan' 8an+1) gan+1)' G(gan' fafn+1' gan—i—l)' }
G(gan' 8An+1, fan+1); G(gan—i-l' 8An+1, fafn+1 )

G(fa,, fa,, fa,), G(fa,_1, fa, 11, fay,), }
G(fa, _1, fa,, fa,+1), G(fa,, fa,, fa, 1)

= kmax {0, G(fa,,_1, fa, 41, f,), G(fa,,, f,,, fr, 11)}
= kmax {G(fa,,_4, fa,, fa, 1), G(fa,, fa,, fa, 1)}
= kG(fa,_4, fa,, fa,11).
By rectangular inequality of G-metric space, we have
G(fan.a, fan, fan) < G(fan, fan, fan) + G(fan, fan, fan.q)
< G(fan, fan, fa,) + 2 G(fay, fan, fan).

Therefore from above inequality, we have

G(fan, fansy, farns) < k max {

= kmax{

G(fan, fan+1, fan+]_) -~ ( G(fan 1y fan, fan)

= qG(fon-1, fon, fon), where q = <1.

(1-2k)
Continuingly, we have
G(fan, fans, fan) < q"G(fao, fay, fai).
Therefore, for all n, m € N, n <m, we have by rectangular inequality
G(tn, tm, tm) < G(tn, thet, ther) + G(tnea, theo, the2) +G(thea, thes, thes)
+ ...+ G(tm-1, tm, tm)

<(@"+q™ + .+ 0™ Glto, o, ).

q'
(1-a)

Asn,m —oo, we have lim G(t,,t,, t,)=0.
m,n—oo

G(to, tg, t1).

Thus {t, } is a G-Cauchy sequence in complete G-metric space X, therefore, there exists a point

s € X such thatlimt, =limfa, = llmgan+1 =s.

n—-oo n—-oo

Since the mapping f or g is continuous and let it be g , therefore
limgfa, =limggan+1 = gs.

Further, f and g are compatible,therefore,
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lim G(fga,, gfan, gfa,) =0 implies that limfga , = gs.
Setting p = gan, g = anand r = a;, in (ii), we have

G(fea,, ga,, ga, ), G(gga,,, fa,, ga;, ),
Gfgan, fan, fan) < kmax { éég?{fg:rffcrrlj), (g(ggga:, gai,%a:)) }
Letting as n — oo, we have
G(gs, s, s) < kmax {G(gs,s,s), G(gs, s, s), G(gs, s,s)}implies, gs = s.
Again from (ii), we have

G(fa,, gs, gs), G(gay, fs, gs),}

G(fan, fs, fs) <k max{ G(gan, gs, fs), G(gs, gs, fs)

Letting as n — oo, we have

G(s,s,s), G(s, fs, s),}
G(s, s, fs), G(s, s, fs)

=k G(s, s, fs)< 2k G(s, fs, fs)which is not possible.
And so, G(s, fs, fs) = 0, that is fs=s.
Therefore, fs = gs =si.e. s isacommon fixed point of f and g.

G(s, fs, fs) <k max{

Uniqueness: We assume that s; (# s) be another common fixed point of fand g .
Then G(s, sq,51) > 0 and
G(S, S1, Sl) = G(fS, fSl,fsl)

G(fS: gsl, gsl)! G(gS; fsl; gsl);}
G(gs, gs1,fs1), G(gsy, gsy, fs1)

=k G(s, s1,51) < G(s, s1,51), a contradiction,

<k max{

which proves that s = s;and hence uniqueness.
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